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The FintushelStern formula asserts that the Casson invariant of a Brieskorn
homology sphere 7( p, q, r) equals 18 the signature of its Milnor fiber. We give a
geometric proof of this formula, as opposite to computational methods used in the
original proof. The formula is also refined to relate equivariant Casson invariants
to equivariant signatures.  1999 Academic Press
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Let 7( p, q, r) be the link of the singularity of f &1(0) where f : C3  C is
the polynomial f (x, y, z)=x p+ yq+zr, and M( p, q, r) its Milnor fiber.
Thus M( p, q, r) is a compact, simply connected, smooth parallelizable
4-manifold with boundary 7( p, q, r). We will assume that p, q, and r
are pairwise relatively prime positive integers. Then 7( p, q, r) is an inte-
gral homology 3-sphere, and one may consider its Casson invariant,
*(7( p, q, r)). In [8], while computing the Floer Homology of 7( p, q, r),
Fintushel and Stern noticed the intriguing relation
*(7( p, q, r))= 18 } _(M( p, q, r)), (1)
where _(M( p, q, r)) stands for the signature of the manifold M( p, q, r).
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The proof Fintushel and Stern give consists of a computation of the
invariants on both sides of the equation. As such it does not provide a con-
ceptual reason as to why such a formula should hold or not. In particular,
there is no hint at eventual generalizations. The FintushelStern formula
was subsequently extended to other links of singularities by Neumann and
Wahl in [15], but their proof does not provide much insight either, as they
essentially rely on [8] and the additivity of Casson’s invariant and of the
signature under splicing.
In this paper, we shall use the Instanton Floer Homology for knots
developed in [6] and computations with the representation varieties of
Brieskorn homology spheres to give a different, more geometric, proof of
the formula (1), providing a conceptual reason for the formula to hold. In
fact, we refine this formula in Theorem 3.5, and our approach puts it in a
more general context than the one in [8, 15].
1. THE 3-ORBIFOLDS AND BRIESKORN SPHERES
In this section we rapidly give the necessary information about 3-orbi-
folds and their relationship to cyclic branched covers. We refer to [2, 18]
for more details on this material.
Given a knot K in S3, recall that a 3-orbifold with underlying space S3
and Zn isotropy around the singular locus K may be constructed as follows.
Let XK=S 3&NK be the knot complement, a 3-manifold with a boundary
torus, and denote by X n its n-fold unbranched cover. The group Zn acts
freely on X n by covering transformations, while it acts on the closed
tubular neighborhood N K by rotation around the core, the fixed-point set
of this being K/N K . The two actions determine one on Vn(K ), the n-fold
cyclic branched cover of S3 along K, thus determining the 3-orbifold,
(S3, K, n)=Vn(K )Zn .
The orbifold fundamental group is readily computed as
?V1 (S
3, K, n)=?1(XK )(+n) ,
where ( ) denotes the normal closure. The 3-manifold Vn(K ) is an orbifold
covering of (S 3, K, n) and at the fundamental group level, one has the
splitting orbifold exact sequence
1 w ?1(Vn(K )) w
@ ?V1 (S
3, K, n) w Zn w 1.
Consider 7( p, q, r) a Brieskorn homology sphere. The positive integers
p, q, and r are pairwise relatively prime, so we may assume that r is odd.
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There are many ways of realizing the 3-manifold 7( p, q, r). One may
consider 7( p, q, r) as the 3-dimensional link of complex singularity
7( p, q, r)=[(x, y, z) # C3 | x p+ yq+zr=0] & S5.
Alternatively, 7( p, q, r) may be viewed as the r-fold cyclic branched covering
of S3 along a torus knot of type ( p, q). From this point-of-view, 7( p, q, r)
appears as an orbifold covering of the 3-orbifold (S3, ( p, q), r), with
singular locus the torus knot ( p, q) in S 3 and isotropy Zr . For fundamental
groups, the orbifold exact sequence gives
1 w ?1(7( p, q, r)) w
@ ?V1 (S
3, ( p, q), r) w Zr w 1. (2)
2. SU(2)-CHARACTER VARIETIES
We now turn to SU(2)-representations of the fundamental groups of the
3-orbifold (S 3, ( p, q), r) and the Brieskorn sphere 7( p, q, r). It is well
known that the set of such representations is a real algebraic variety on
which SU(2) acts by conjugation. The quotient is referred to as the character
variety. We shall denote these varieties by R(S 3, ( p, q), r) and R(7( p, q, r)).
The subvarieties R
*
(S3, ( p, q), r) and R
*
(7( p, q, r)) consist of irreducible
representations, that is, representations with non-abelian image in SU(2).
See [1, 11] for more information on SU(2)-character varieties.
At the level of character varieties, the orbifold exact sequence above
implies the following proposition:
Proposition 2.1. Given an irreducible \ # R(S3, ( p, q), r), its restriction
\ b @ # R(7( p, q, r)) is irreducible.
Proof. As 7( p, q, r) is a homology sphere, the only reducible SU(2)-
representation in R(7( p, q, r)) is the trivial one. But \ b @ cannot be trivial
as Eq. (2) above would imply that \ is reducible, contradicting the
hypothesis. K
Our concern is therefore with an eventual converse to Proposition 2.1. At
first sight, it is not clear why every \ # R
*
(7( p, q, r)) should extend to a
\ # R
*
(S3, ( p, q), r). We shall show that this is indeed the case by proving
that each element in R
*
(7( p, q, r)) is Zr -invariant with respect to a Zr -action
on R(7( p, q, r)) induced by the Zr-action on 7( p, q, r) used to obtain the
orbifold (S3, ( p, q), r)=7( p, q, r)Zr , and as such will correspond to an
element in R
*
(S3, ( p, q), r).
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When seen as a 3-dimensional link of singularity, 7( p, q, r) appears as a
Seifert fibred manifold with the S 1-action
t } (x, y, z)=(tqrx, t pry, t pqz),
for t # S 1, with three singular fibers S1 , S2 , and S3 , given respectively by
the equations x=0, y=0, and z=0, and with Seifert invariants
[b0 , ( p, b1), (q, b2), (r, b3)], such that b1qr+b2 pr+b3 pq=1+b0 pqr for
&p<b1<0, &q<b2<0, and &r<b3<0, see [14]. Consider the map
{: 7( p, q, r)  7( p, q, r)
given by {(x, y, z)=(x, y, e2?irz). This defines a Zr -action on 7( p, q, r)
whose fixed-point set is the knot S3=[(x, y, 0) # C3] & 7( p, q, r). The
quotient 7( p, q, r)Zr is the 3-orbifold (S3, ( p, q), r). The map { induces an
action {
*
on the fundamental group and therefore also one on R(7( p, q, r)),
which we denote {*. For g # Zr and \ # R*(7( p, q, r)), the action is{*(\)=\g where \g(:)=\(g } :). Let R*
Zr(7( p, q, r)) be the fixed-point set
of this action in R
*
(7( p, q, r)). Given \ # R
*
Zr(7( p, q, r)) there is a matrix
A # SU(2) such that
\g=A } \ } A&1.
As \ is irreducible, this matrix is determined up to \I. Also as gr=1
in Zr , one easily gets that \=Ar } \ } A&r and again by the irreducibility
of \, it follows that Ar=\I. Since r is odd and A is determined up to \I,
we may choose A such that Ar=I. Therefore A is conjugated in SU(2) to
a matrix of the form
A=\e
2?ikr
0
0
e&2?ikr+ .
Using \ and A, we can define an irreducible representation
\ : ?1(7( p, q, r)) < Zr  SU(2)
by setting \ (:, gi )=\(:) } Ai. Using the orbifold exact sequence, this means
that we have constructed a \ : ?V1 (S
3, ( p, q), r)  SU(2) such that \ (+)=A.
We summarize all this in the following.
Proposition 2.2. There is a one-to-one correspondence between the sets
R
*
Zr(7( p, q, r)) and R
*
(S 3, ( p, q), r).
The above does not rely on properties of the Brieskorn spheres
7( p, q, r), and in fact Proposition 2.2 is true for any homology sphere
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realized as an r-fold cyclic branched cover of S3 along a knot K, for r odd.
However, we shall use specific properties of 7( p, q, r) to show that every
element in R
*
(7( p, q, r)) is Zr-invariant under the action {* induced by
{: 7( p, q, r)  7( p, q, r). When seen as a Seifert fibred manifold, 7( p, q, r)
has the following presentation for its fundamental group ?1(7(P, q, r)):
(x1 , x2 , x3 , h | h central, x p1 =h
&b1, xq2=h
&b2, xr3=h
&b3, x1x2x3=h&b0) .
Choose a base-point x0 on the singular fiber S3 so that {(x0)=x0 . First we
need an easy lemma to be used in Proposition 2.4 below.
Lemma 2.3. Let f0 , f1 : X  X be continuous maps fixing given point
x0 # X, and ft : X  X, 0t1, a homotopy between f0 and f1 . Then
f0*=Ad#( f1*): ?1(X, x0)  ?1(X, x0),
where Ad# : ?1(X, x0)  ?1(X, x0) is the conjugation automorphism : [ #&1:#
with # # ?1(X, x0) the homotopy class of the loop #(t)= ft(x0), for 0t1.
Proof. Let : be a loop in X based at x0 , and #t : [0, t]  X a path given
by the formula #t(s)=#(s) for 0st, given any t between 0 and 1. Then
the family #&1t } ft(:) } #t for t # [0, 1], provides a homotopy between the
loops f0(:) and #&1 } f1(:) } #. K
Proposition 2.4. The map {
*
: ?1(7( p, q, r), x0)  ?1(7( p, q, r), x0) induced
by the map { is given by the formula {
*
(:)=Ad# :, where #=x&13 h
b0b3 pq #
?1(7( p, q, r), x0).
Proof. It follows from Lemma 2.3 that {
*
(:)=Ad# : where # is the
trace of a homotopy ft connecting the identity map to _. One can easily
check that such a homotopy ft may be given by the formula
ft(x, y, z)=(tqrx, t pry, t pqz),
where t runs along the unit circle from 1 to e2?ib3r. The trace # of this
homotopy equals b3 times the singular fiber S3 . The homotopy class of S3
can be computed as follows. Let N(S3) be an S1-equivariant tubular
neighborhood of S3 . If we remove N(S3) from 7( p, q, r) we will get a
manifold M with boundary M=T 2. The canonical longitude *3 on the
boundary M is homotopic to S3 inside the solid torus N(S3), and inside
7( p, q, r) as well. According to [7, Lemma 7.5, p. 65], the homotopy class
of *3 equals x&pq3 h
b2 p+b1q. Thus, #=(x&pq3 h
b2 p+b1q)b3=x&13 h
b0 b3 pq. K
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We can now prove the main result of this section:
Proposition 2.5. The map {*: R
*
(7( p, q, r))  R
*
(7( p, q, r)) is the
identity. In fact, given any \ # R
*
(7( p, q, r)), we have ({*\)(:)=\(x3) }
\(:) } \(x3)&1.
Proof. The first statement follows directly from Proposition 2.4. The
second one follows from Proposition 2.4 and the fact that \ is irreducible
and h # ?1(7( p, q, r)) is a central element so that \(h)=\I. K
For any \ # R
*
(7( p, q, r)), we have \(x3)r=I. Therefore, R*(7( p, q, r))
can be decomposed into
Rk
*
(7( p, q, r))=[\ # R
*
(7( p, q, r)) | tr \(x3)=2 cos(2?kr)],
for 0kr2. Similarly, we have a decomposition of R
*
(S3, ( p, q), r) into
Rk
*
(S 3, ( p, q), r)=[\ # R
*
(S 3, ( p, q), r) | tr \(+)=2 cos(2?kr)],
for 0kr2. Combining Propositions 2.2 and 2.5 we have:
Corollary 2.6. There is a one-to-one correspondence between the sets
Rk
*
(7( p, q, r)) and Rk
*
(S 3, ( p, q), r).
3. CASSON’S INVARIANT, FLOER HOMOLOGY,
AND THE FINTUSHELSTERN FORMULA
In [6], given a knot K in S3, a Floer Homology for K is developed using
the 3-orbifolds (S3, K, n). We shall be very brief about the construction
here, and refer the interested reader to [6, 4] for more details. Let
kn # [0, 12] be a rational number such that 2K (e4?ikn){0. Generically,
the Floer complex (C
*
(k)(S 3, K, n), ) consists of four free abelian groups
C (k)i (S
3, K, n), 0i3, generated by irreducible flat connections over the
orbifold (S3, K, n), whose trace of the holonomy around a meridian is
prescribed to be 2 cos(2?kn). The boundary operator : C (k)i (S
3, K, n) 
C (k)i+1(S
3, K, n) counts the number of anti-self-dual connections flowing
from one irreducible flat connection to another one over the orbifold cylin-
der (S3, K, n)_R. It is shown that 2=0 and that the homology of this
Floer complex is a knot invariant, denoted HF
*
(k)(S3, K, n). This construc-
tion can be extended to the case of irrational numbers : # [0, 12] for
which 2K (e4:?i ){0 by analyzing deformations of the theory with respect to
the holonomy parameter.
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One of the important properties of this Floer Homology is that its Euler
characteristic /(HF
*
(k)(S3, K, n)) is a classical knot invariant. Recall that
for : # [0, 12], the TristramLevine equivariant signature of K, _:(K ),
is the signature of the matrix BK (e2?i:)=(1&e2?i:) AK+(1&e&2?i:) ATK ,
where AK is a Seifert matrix for K and ATK its transpose. When seen as a
function of :, the equivariant signature is constant away from roots of the
Alexander polynomial on the unit circle. In [6] the following property of
the Floer Homology HF
*
(k)(S 3, K, n) was proved:
Theorem 3.1. /(HF
*
(k)(S 3, K, n))= 12 } _2kn(K ).
As a consequence of Theorem 3.1, one has a clear geometric understand-
ing of the relation between SU(2)-representations of the fundamental group
of (S3, K, n) and the equivariant signatures _2kn(K ) for any knot K in S 3,
as explained in [5].
Let us focus on the case where K is a torus knot of type ( p, q) and relate
this to the manifolds 7( p, q, r). It follows from the computation of the
character varieties of torus knot groups found in [11] that for any r odd,
the Floer Homology HF (k)(S3, ( p, q), r) is well-defined for 0kn2 and
is generated by irreducible SU(2)-representations of ?V1 (S
3, ( p, q), r). On
the other hand, for the homology sphere 7( p, q, r), where it is assumed
without loss of generality that r is odd, one may define its Floer Homology
HF
*
(7( p, q, r)). If 7( p, q, r) is seen as an r-fold cyclic branched cover of
S3 along ( p, q), a natural problem is to explore the relation between
HF
*
(7( p, q, r)) and HF
*
(k)(S3, ( p, q), r) for 0kr2. We shall only be
concerned with the Euler characteristics of both theories. Recall that by
work of Taubes, Casson’s invariant *(7( p, q, r)) may be expressed as
*(7( p, q, r))= 12 } /(C*(7( p, q, r))),
where (C
*
(7( p, q, r), ) is the Floer chain complex of 7( p, q, r). Now use
the decomposition
R
*
(7( p, q, r))= 
(r&1)2
k=0
Rk
*
(7( p, q, r))
provided by Proposition 2.5 to obtain
C
*
(7( p, q, r))= 
(r&1)2
k=0
C
*
(k)(7( p, q, r)),
where C
*
(k)(7( p, q, r)) is generated by elements in Rk
*
(7( p, q, r)).
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Definition 3.2. Let *(k)(7( p, q, r))=12 } /(C
*
(k)(7( p, q, r))).
Remark. The invariants *(k)(7( p, q, r)), seen in the context of 3-mani-
folds with a cyclic action, may be interpreted as equivariant Casson
invariants in the sense of [3], although they have been defined here via
Gauge Theory for 3-orbifolds.
It follows from Proposition 2.5 that we have the decomposition
*(7( p, q, r))= :
(r&1)2
k=0
*(k)(7( p, q, r)). (3)
We next make the relation to the Floer Homology of the torus knot
( p, q):
Proposition 3.3. *(k)(7( p, q, r))= 12 } /(HF*
(k)(S 3, ( p, q), r)).
Proof. By Corollary 2.6, both sides of the equation above have corre-
sponding generators, so we simply need to show that they are counted in
the same way. This follows from Proposition 4.8 in [6], applied to the
particular case of 7( p, q, r) and (S3, ( p, q), r). K
We therefore obtain
Theorem 3.4. *(k)(7( p, q, r))= 14 } _2kr(( p, q)).
Proof. Simply combine Proposition 3.3 and Theorem 3.1. K
We now explain how this last result is in fact a refinement of the
FintushelStern formula. First notice that as 7( p, q, r) appears as an r-fold
cyclic branched cover of S3 along the torus knot ( p, q), it’s Milnor fiber
M( p, q, r)=[(x, y, z) # C3 | x p+ yq+zr=$] & B6
is an r-fold cyclic cover of B4 branched along some surface spanning the
torus knot ( p, q), the covering transformation being given by (x, y, z) [
(x, y, e2?irz). The vector space H2(M( p, q, r), C) splits as a direct sum of
eigenspaces of the induced automorphism of order r,
H2(M( p, q, r), C)=H0H1 } } } Hr&1 .
Restricting the signature form to the subspaces Hk , the signature of
M( p, q, r) is decomposed into
_(M( p, q, r))= :
r&1
k=0
_k(M( p, q, r)). (4)
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According to [19, Sect. 4.8; 10, Theorem 12.6], this decomposition can be
expressed in terms of TristramLevine signatures of the torus knot ( p, q):
_k(M( p, q, r))=_kr(( p, q)). (5)
Theorem 3.4 now easily implies the following result that refines the
FintushelStern formula.
Theorem 3.5. *(k)(7( p, q, r))= 14 } _2k(M( p, q, r)).
Remark. In the case where r is prime, an analogue of Theorem 3.4 is
proved in [3] by refining the computational proof of the formula (1) found
in [8].
The usual FintushelStern formula (1) is obtained as
_(M( p, q, r))= :
r&1
k=0
_k(M( p, q, r)), by (4),
=2 :
(r&1)2
k=0
_2k(M( p, q, r)), as r is odd,
=8 :
(r&1)2
k=0
*(k)(7( p, q, r)), by Theorem 3.5,
=8*(7( p, q, r)), by (3).
Example. Let us consider 7( p, q, r)=7(3, 4, 7). Then Rk
*
(7(3, 4, 7))
contains two representations if k=1, three if k=2, and one if k=3. This
follows easily from the algorithm described in [8, pp. 111112]. The
equivariant signatures of the torus knot (3, 4) and of the Milnor fiber
M(3, 4, 7) are given as
_27((3, 4))=_2(M(3, 4, 7))=&4,
_47((3, 4))=_4(M(3, 4, 7))=&6,
_67((3, 4))=_6(M(3, 4, 7))=&2,
see Proposition 1 of [13]. Therefore,
*(k)(7(3, 4, 7))= 14 } _2k(M(3, 4, 7))=
1
4 } _2kr((3, 4)), (6)
for k=1, 2, 3, as predicted by Theorems 3.4 and 3.5. The formulas (6) add
up to the FintushelStern formula. Note that *(k) is not necessarily an
integer.
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4. FINAL REMARKS
Our approach to the FintushelStern formula puts it in a more general
context than that of Brieskorn homology spheres. Indeed, Theorem 3.1 is
true for any knot, not just torus knots, so the formula (1) can hold in a
more general setting which we now explain. Let 7 be an integral homology
sphere represented as an n-fold cyclic branched cover, n odd, over S 3 with
branch set a knot K. Suppose that all representations in R
*
(7) satisfy
Casson’s non-degeneracy condition, and are fixed by the induced cyclic
action on R
*
(7). Then formula (1) may be generalized as
*(7)= 18 } _(M ),
where M is an n-fold cyclic cover of the 4-ball branched over some surface
spanning the knot K. The lack of Zn -invariance in R*(7) then appears as
a possible obstruction for the formula above to hold. Unfortunately, at the
moment a general criterion for determining if the irreducible representa-
tions are Zn -invariant is lacking. In the case of 7( p, q, r) the invariance
followed from the fact that the Zr-action was contained in an S 1-action,
hence was homotopic to identity. It is possible to refine the approach here
by weakening the Zn -invariance condition above, recovering enough infor-
mation to relate Casson’s invariant of cyclic branched coverings to equiv-
ariant knot signatures of the branching knot. For example, one could
obtain a version of formula (1) for Seifert fibred homology spheres with
more than three singular fibers. Another case of interest would be that of
a cyclic branched cover of S3 along an algebraic knot. Both of these cases
have been treated computationally in [15], hence a geometric approach
would provide a clearer picture.
Finally, we should mention the difference between settings in this paper
and in [16]. The latter deals with the involution {: 7( p, q, r)  7( p, q, r)
induced by complex conjugation on the link of singularity, {(x, y, z)=
(x , y , z ). This involution turns 7( p, q, r) into a double branched cover of
S3 with branch set a Montesinos knot K( p, q, r). Unlike the finite order
operators considered in this paper, the involution { is not homotopic to
identity if p, q, r>1. This is an essential difference: in setting up the equiv-
ariant Casson invariant, although in both settings one has invariance of the
representations, the count in [16] is different: not all representations in
R
*
(7( p, q, r)) are counted with the same sign as is the case for the
*(k)(7( p, q, r) and hence *(7( p, q, r)). In fact, the count in [16] produces
a new invariant &(7( p, q, r)), and the main result of [16] is that
&(7( p, q, r))= 14 } _12(k( p, q, r)).
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